ON p-ADIC EULER L-FUNCTIONS 
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Abstract. In this paper, we define the p-adic Euler ^-functions us- 
ing the fermionic p-adic integral on Z p . By computing the values of the 
p-adic Euler L-functions at negative integers, we show that for Dirich- 
let characters with odd conductor, this definition is equivalent to the 
previous definition in [8 following Kubata-Leopoldt and Washington's 
approach. We also study the behavior of p-adic Euler L-functions at 
positive integers. An interesting thing is that most of the results in Sec- 
tion 11.3.3 of Cohen's book [3] are also established if we replace the 
generalized Bernoulli numbers with the generalized Euler numbers. 



I. Introduction 

Throughout this paper, we use the following notations. 

C — the field of complex numbers. 

p — an odd rational prime number. 

Z p — the ring of p-adic integers. 

Q p — the field of fractions of Z p . 

C p — the completion of a fixed algebraic closure Q p of Q. 

CZ P - Qp\Z p . 

v p — the p-adic valuation of C p normalized so that \p\ p = p~ Vp ^ p > = p~ 

— the group of p-adic units. 

In 1964, Kubota-Leopoldt [2] defined the p-adic analogues of classical 
L-functions of Dirichlet which are closely related to the arithmetic of cy- 
clotomic fields (see [5]). In [31 Chapter 11]), we can find another definition 
for the p-adic L-functions using Volkenborn integrals which is equivalent to 
Kubota-Leopoldt's original definition. The Volkenborn integral was intro- 
duced by Volkenborn [19] and he also investigated many important proper- 
ties of p-adic valued functions defined on the p-adic domain (see [HI 120]). 

In 1749, Euler gave a paper to the Berlin Academy entitled Remar- 
ques sur un beau rapport entre les series des puissances tant directes que 
reciproques. In this paper, he studied 
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(see [H p. 1081]). 

For s £ C and Re(s) > 0, the Euler zeta function and the Hurwitz-type 
Euler zeta function are defined by 

n=l ra=0 v ' 

respectively (see [H [6j [11] [121 US])- Notice that the Euler zeta functions 
can be analytically continued to the whole complex plane, and these zeta 
functions have the values of the Euler numbers or the Euler polynomials at 
negative integers. 

Recently, we defined the p-adic Hurwitz-type Euler zeta functions using 
the fermionic p-adic integral on Z p (see [9]). Notice that the fermionic p- 
adic integral on Z p has been used by T. Kim [11] to derive useful formulas 
involving the Euler numbers and polynomials, and it has also been used by 
the second author to give a brief proof of Stein's classical result on Euler 
numbers modulo power of two (see [7]). In [9], we first gave the definition 
for the p-adic Hurwitz-type Euler zeta function for x G CZ P , then we gave 
the definition for the p-adic Hurwitz-type Euler zeta function for x G Z p 
using characters modulo p v and also gave a new definition for the p-adic 
Euler ^-function for characters modulo p v as a special case. We showed 
that in this case the definition is equivalent to the second author's previous 
definition in [8]. In [8], the second author defined the p-adic Euler ^-functions 
for Dirichlet characters with odd conductor following Kubota-Leopoldt's 
approach and Washington's one and he also computed the derivative of p- 
adic Euler ^-function at s = and the values of p-adic Euler ^-function at 
positive integers. 

In this paper, we define the p-adic Euler L-functions using the fermionic 
p-adic integral on Z p . By computing the values of the p-adic Euler L- 
functions at negative integers, we show that for Dirichlet characters with 
odd conductor, this definition is equivalent to the second author's previ- 
ous definition in [8] following Kubata-Leopoldt and Washington's approach 
(see Remark 14.61) . We also study the behavior of p-adic Euler L-functions 
at positive integers. We show that most of the results in Section 11.3.3 of 
Cohen's book [3] are also established if we replace the generalized Bernoulli 
numbers with the generalized Euler numbers. 

2. Generalized Euler numbers 

In this section, we recall some facts on the Euler numbers, the Euler 
polynomials and the generalized Euler numbers which will be used in the 
subsequent sections to study the properties for the p-adic Euler L-functions. 

The definition of Euler polynomials is well known and can be found in 
many classical literatures (cf. see [TTl p. 527-532]). 

We consider the following generating function 
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Expand F(t, x) into a power series of t : 



(2.2) F(t |a = 5>. 



n! 

71=0 



The coefficients E n (x),n > 0, are called Euler polynomials. We note that 
there is a second kind Euler numbers, namely, from (12. f p 

(2.3) E n = E n (0), 

For example 

Fo = 1 , Ei = —-, E 3 — -, E 5 — —-, E 7 = — , E 9 = — — , E n = ... 

and E 2 k — for k — 1, 2, .... 

These numbers is a kind of (A-)Euler numbers which defined by T. Kim 
in [TT1 p. 784]. This is different from the first kind Euler numbers named by 
Scherk in 1825 (see the first paragraph of [7, p. 2167]). 

We generalize the above definition of E n and E n (x) as follows: let x De 
a primitive Dirichlet character \ with an odd conductor f — f x , and let 

, . . . ^~~"\ (-l) a x(a)e a * , , 7T 

( 2 - 4 ) F x (t)=^ e /+i » 1*1 < J 

and 

(2.5) F x (t,x) = F x (t)J* = 2 j2 { ~Z*t a }T +X)t > !*• < 7- 
(see e.g. jTU p. 783]). Expanding theses into power series of t, let 
(2-6) F x (t) = J2E n , x - ] 

n=0 



and 

i-r- 
n! 



(2.7) F x (t,a;) = ^F n , x (x); 



n=0 



Then E UtX (x) = Y^=o \ l )Ei, x x n ~ i f° r ^ > 0. The coefficients _E„ )X and 
E UjX (x) for n > 0, are called generalized Euler numbers and polynomials, 
respectively. It is clear from (I2.4p that F x (—t) = — x(— l)F x (i), if \ 7^ X°> 
the trivial character. Hence we obtain the result as follows: 

Proposition 2.1. Ifx¥" X*\ the trivial character, then we have 

(-1)" + Xx = X(-l)£ n , x , ^ °' 

In particular we obtain 

E n , x = ifx^X°, n=£5 x (mod 2), 
where 5 X = «/%(— 1) = —1 5 X = 1 if x(~ 1) = 1- 
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Let N be the least common multiple of p and /. Then by (12.41) . we have 



N 



\eN 



\Nt 



(2.8) F x (t) = 2 J2(-±) m x(™)e mt = 2 ^(-l)M^ ( Sl , , ■ 

m=0 a=l 

Therefore, by (ED), (E2D, (El, (EE]) and (ESD, we obtain the result as 
follows: 

Proposition 2.2. Let N be the least common multiple of p and f . Then 

N 
a=l 

From ( I2.5p . the generating function F x (t,x) is given by 

/ oo 

F x (t, x) = 2 £(-l)*x(a) J2(~l) k e {a+x+fk)t 

(2.9) a=0 k=0 

00 ( 00 \ f n 

= E 2^(-i)'x(0(i+xrU. 

n=0 \ Z=0 / 

Comparing coefficients of t n /n! on both sides of (12. 7p and (12.91) gives 

oo 

(2.10) E n>x (x) = 2j2(-l) l x(l)(l + xT 

1=0 

(see [HJ P-784]). In particular, if n > we have 

oo 

(2.11) £„, x (x + N) = 2 ^(-1)< X (Z)(/ + x + JV) n . 

By (12.1 Op and (12. lip , we obtain the results as follows: 

Proposition 2.3. Let N be the least common multiple of f andp, we have 

2^(-l) r xW(x + r) n = — ^ — ^ ^ i. 

3. The ^-adic fermionic integral 

In this section, we recall the p-adic fermionic integral and its relationship 
between the Euler numbers and polynomials. 

Let UD(Z p ,Cp) denote the space of all uniformly (or strictly) differen- 
tiable C p - valued functions on Z p (see [llj). The metric space Q p has a basis 
of open sets consisting of all sets of the form a+p N Z p = {x G Q p | \x — a\ p < 
p~ N } C Z p for a G Q p and iV G I This means that any open subset of 
Qp is a union of open subsets of this type. For N > 1, the p-adic fermionic 
distribution 

(3.1) ^ 1 (a+p N Z p ) = (-l) a 

is known as a measure on Z p (see [H]). We shall write dn-i(x) to remind 
ourselves that x is the variable of integration. It is well known that for 
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/ G UD(Z p ,Cp), its fermionic p-adic integral I-i(f) on Z p is defined to be 
the limit of 

P N -i 

a=0 

as iV — )• oo (see [HI [TJ, [9]) - Write down this integral as 

(3.2) I-i(/) = / /(x)dA*-i(x) = lim £ /WC" 1 ) G C p 

^ a=0 

(see [11] for more details). By (13.21) . it is well known that the Euler numbers 
E n and the Euler polynomials E n (x) are connected with J_i-integrals as 
follows. For any n > 0, 

(3.3) I-i(x n ) = [ x n dfi^ 1 (x) = E n 
and 

(3.4) U((x + y) n )= [ (x + y) n d^ 1 (y) = E n (x) 



(see HUE!). 

We can now obtain the generalized Euler numbers and polynomials on 
Z p . Let x be a primitive Dirichlet character \ with an odd conductor f — f x , 
and let N be the least common multiple of p and /. Then by (13. 2p , (13. 4p 
and Proposition 12. 2\ we see that 

7Vp r -l 



/ X (x)x n dfi. 1 (x) = lim V (-l) a X (a)a n 

^ a=0 

JV-lp r -l 

= lim V V (-l) Na+k X (Na + k)(Na + kY 

r-»oc — ' * — ' 
fc=0 a=0 

fc=0 ^ ' 

N-l , , v 

= iv»X)(-i) fc x(*)^(^) 

z — n V / 



fc=0 

is equivalent to 

(3.6) /_i(x(x)x") = / x(x)x n rf/i_i(x) = E n>x . 
Similarly, by (13. 5p we have 

(3.7) i-i{x(y)(x + y) n )= [ x(y)(x + yTdn- 1 (y) = E n jx). 



Therefore we have the results as follows: 
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Proposition 3.1. Let x be a primitive Dirichlet character x with an odd 
conductor. Then for n > we have 

(1) J_!(x") = j Zp X n d^ l {x) = E n . 

(2) I_ x ({x + y) n ) = f Zp (x + y) n dn- x (y) = E n (x). 

(3) I- 1 ( X (x)x n ) = S^x(?)x n dli-i{x) = E n , x . 

(4) U( x (y)(x + y) n ) = f Zp x (y)(x + yTd^y) = E n>x (x). 

4. p-ADIC EULER L-FUNCTIONS 

In this section, we define the p-adic Euler L-functions and compute its 
value at negative integers. 

Given x G Z p ,p \ x and p > 2, there exists a unique (p — l)-th root of 
unity u(x) G Z p such that 

x = co(x) (mod p), 

where u is the Teichmiiller character. Let (x) = u~ 1 (x)x, so (x) = 1 
(mod p). We extend the notation ( ) to Q* by setting 

If x G Qp , we define u v (x) by 

(4.2) u v {x) = A = P Mx) u ( -TtI 

(see [31 p. 280, Definition 11.2.2] for more details). Now we give a definition 
for the p-adic Euler L-functions. 

Definition 4.1. Let x be a primitive character of conductor / and m be 
the least common multiple of / and p. For s G C p such that \s\ < R p = 
p(p- 2 )/(p-i) , we have 

a=0 ^ ^ ' 

where the p-adic Hurwitz-type Euler zeta function ( P)E (s,x) is defined in 
Definition 3.2 and 4.1 of [9] for x G CZ P and x G Z p , respectively. We define 
L p e{Xi 1) = nm L p e(x, s), when the limit exist. In particular if x is the 

trivial character x , we set Cps(s) = L p e(xo^ s ) — Cpe(s,0) (see Theorem 
4.10 (3) in 0). 

Definition 4.2 (see [31 p. 302]). (1) Let m G Z >0 . We define xo,m to 
be the trivial character modulo 1 when p \ m, and to be the trivial 
character modulo p when p | to. In other words, Xo,m{ a ) — 1 when 
p \ a or when p | a but p f m and Xo,m( a ) — when p | a and p | m. 
(2) If / C Z, we set 
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and similarly 

n (p) #( a ) = n^- 

a£l a£l 

p\a 

In particular, if p \ m we have 

(p) m_1 
E g ^ = E Xo,m(a)g(a). 



0<a<m a=0 

Lemma 4.3 (see [21 p. 302]). Let x be a nontrivial primitive character of 
conductor f and m be a common multiple of f and p. Then 

E (P) ^) = °- 

0<a<m 

Proposition 4.4. Let x be a primitive character of an odd conductor f 
and m be the least common multiple of f and p. Let s G C p be such that 
\s\ < R p . 

(1) We have 



m—l 

a 



L p ,e(x, s) = (m) 1 s Y Xo,m(a)x(a)(p,E (s, 



m 

a=0 



(2) If, in addition, p \ m, we have 



OC 



l p>e ( X , s) = h 1 - e (p) x^-ir (*r s E f 1 • j 

\ i /a 

0<a<m i=0 

(3) Ifx¥" Xo, then 

(v) 

L p ,e(xA)= E X(a)(-l) a . 

0<a<m 

Proof. (1) Writing a = kf + r, we have 



{m) l - s £ X o,Mx(a)t P ,E (a, -) (-l) a 

a=0 

m i 

/-i T" 1 , 

^ s E ^( r )(-i) r E *>.*»(*/ + ( 



a=0 

(4 ' 3) /-i 

S E\!''H-'S" E Xo, m (A:/ + r)Cp j£ (*. ) (-1 ) A . 

r=0 fc=0 ^ 

Case (I): If p f m, then x ,m to be a trivial character modulo 1 by 
Definition 14.21 Using Theorem 3.10 (3) in [9], we have 

E kU*/ + r)c P , E U hl±L) (-ir = j2 Cp , E U r - + ±) 

k=0 ^ ' fc=0 V / / 
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Case (II): If p | m, then Xo,m to be a trivial character modulo p by 
Definition 14.21 Thus we have 

fc=0 ^ ' k=0 \ f J 

p\(kf+r) 

Using Corollary 4.5 in [9], we obtain the following: 
(a) Suppose p \ f . Then r/f G Z p and 

p\(kf + r) if and only if p\(r/f + k). 

Thus 

(4.4) E C P) * (*, ^ + | = C P , E (s, j^j . 



p\{kf+r) 

(b) If p | /, then Xo,m(kf + r) = Xo,m(0- We nave 

-l 

-l) fc 



221 -j^ 

XI Xo,m{kf + r)C P ,E is, 



kf + r 



fc=0 

m i 

/ 1 



r A; 



= XoAr) E ^ ( s, - + „ ) (-1)* 

If p | r, then 



fc=0 \ / 



(4-5) £ Xo,m(*/ + r)^ E (s, - + | ) (-l) fe = 0. 

fc=o V m fj 

If p \ r, then r// G CZ p . Thus by Theorem 3.10 (3) in [9] and the definition 

of Xo,m{r), we have 

in ^ 

Xo,m{r) J2( p ,e[s, — + —) (-l) fc = Xo,m{r)( P ,E { s, - ) 
(4.6) fc=o V m J J V /y 

= Cp,i? ( 8 



f 



Thus if p \ f, substitute ( |4~4|) to (l4~3l) . we have 

m— 1 

v 1 — « 

(m i 

,r A) 

-1 



m—i 

l V~ S E Xo, m { a )x{a)( P ,E (s, ^) (-1) £ 



(m 



/-i 7" / , 

> 1_a E xW(-!) r E Xo,m(*/ + r)( P , E U ~ + m ) ("!)' 

r=0 fc=0 V / 



/-I 

(771, 

r=0 

L p ,e{x,s). 



/-i / \ 
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If p | /, substitute (03]) and gSD to (Ol . we have 



m— 1 

(^) 1 " S E Xo,m(a)x(a)C P ,s (a, (-1)" 

a=0 



/-i T / , 

) l ~ s E x(0(-l) r E *>,.»(*/ + ^)Cp, S - + £ ) 

r=0 k=0 \ f 

m i 

/-l 7" 1 / , 

> 1-- E x(0(-i) r E *>,«(*/ + U - + m ) 

p\r 
/-I 

vl— « 

(m 



(m 



(m 



= L p>E {x,s), 

since p | / and p \ r, we have (/, r) 7^ 1, so x( r ) = 0, thus we get the last 
equality. 

(2) If p I m, from (1), we have 

m— 1 

£f>,s(x, s) = (m) 1 " 5 E Xo,m(a)x(a)C P ,E (s, — ) (-l) a . 

a=0 

Since p | m, by Definition 14.21 we have 

TO— 1 

£ P ,£<X s ) = (m) 1-5 E Xo,m(a)x(a)C P ,i? f s, —J (-l) a 
(4-7) a =° 

= <m> 1 -X) x(a)C P) B (-l) a - 

0<a<m 

Also since in the above equality, p \ a and p | m, we obtain 

- G CZ P . 
m 

By Theorem 3.5 of |9J, we have 

(«) 4* ('.-H-rEf 1 

i=o v 7 

where i£j are Euler numbers. Substitute (14. 8 j) to ( 14. 7p . we have 
Wx, ^) = E W ^(-^-(a) 1 - £ f 1 7 1 ^E, 

0<a<m i=0 v 7 

(3) Since p \ m, by (2), we have 

(V) 

WX,1)= E X(a)(-l) a 

0<a<m 

and the result is established. □ 
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Next we compute the values of p-adic Euler L-functions at negative in- 
tegers. 

Proposition 4.5. Keep the above assumptions. 

(1) The function L pE {Xi s ) ^ s a p-adic analytic function for \s\ < R p . 

(2) For k G Z>i, we have 

L P>E ( X , 1 - k) = (1 - p k Xk{p))E Kxk , 

where Xk — X UJ ~ k an d X Xo> the trivial character. 

(3) If x is an even character the function L PjE {xi s ) ^ s identically equal 
to zero 

Remark 4.6. By comparing Proposition 14.51 (2) with equalities (3.2) and 
(3.3) in [HI p. 6], from Lemma 1 in |5j p. 19] we conclude that for Dirichlet 
characters with odd conductor the definition of p-adic Euler L-functions 
in this paper is equivalent to the second author's previous definition in [5] 
following Kubata-Leopoldt's approach. 

Proof. (1) By definition of L P)E {x-< s ), Theorem 3.5 and Proposition 4.7 in 
[9], the result follows. 

(2) Let m be the least common multiple of p and /. Then by Proposition 
ETUfl), we have 

m— 1 

L PiE ( X , l-k) = (m) k Xo,Mx(a)C P ,E (l - k, ^) (-l) a . 

a=0 

Since p \ m, by Definition 14.21 (2), we have 

( 4. 9) L p>E ( X , l-k) = (m} k J2 iP) x(a)C P ,E (l - k, ^) (-l) a . 

0<a<m 

Also since p \ a and p \ m, we have a/m e CL p . Using Theorem 3.9 (2) in 
[9] we have 

where E k (x) are the Euler polynomials. Substitute (I4.10p to (I4.9p . we have 
L P , E (X, 1 - k) = (m) k J2 iP) x(a)(-l) a -^E k (£) 

0<a<m v \m) 

= (m)^(m)^ (p) (-l) a X o;- fc (a)^ (£) . 

0<a<m 

Since p \ a, we have 

Uv (a)=P <a) <* (^o)=«(a). 
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Thus if x 7^ Xo? by Proposition 12. 2\ we have 

L p>E (x, 1 - k) = (m) k u k v (m) ^ \-l) a X^\a)E k ( 

0<a<m 

(m— 1 
E(-l) B XW-*(a)tf fc 
a=0 

m—1 

- ^M) W^)^ (- 

^— ' Vm 



a=0 
p|a 

m—1 

h 

m 



a=0 

m 

-m*y)(-l) a xw-*(pfl)^*(- 

a=0 

m—1 



m 

,,: 

m -I 

k ~ _i 



V " / a =0 \ p / / 

(I - p k Xk(p))E k)Xk , 



where Xfc = X w fe - 

(3) From Definition 14.11 we have 

/-i , \ 

L P)£ ( X , 5) = (m) 1 - £ X (a)C^ U 7 (-l) a . 

a=0 ^ * ' 

Let b = f — 1 — a, and let % be an even character. Then by Corollary 3.6 
and Theorem 4.10 in [9], we have 

/— 1 

L P)E ( X , s) = (m) 1 -* J2x(f~l- b)C P ,E L f ~]~ b ) (-l)'" 1 " 6 



6=0 

= <™r s E *(* + ( s > ^ ) 
6=0 \ j / 

b'=l ^ 

so L PiE (x, s) = —L PtE (x, s). Therefore L p E (x, s) = if x is an even charac- 
ter. □ 
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5. p-ADIC EULER L-FUNCTION AT POSITIVE INTEGERS 

In this section we study the behavior of p-adic Euler L-functions at pos- 
itive integers following Cohen's approach in Section 11.3.3 of [3J. We show 
that most of the results in Section 11.3.3 of Cohen's book are also estab- 
lished if we replace the generalized Bernoulli numbers with the generalized 
Euler numbers. 

Proposition 5.1. Let f be an odd integer and x be a primitive character 
modulo f and m be the least common multiple of f and p. 

(1) For k e Z\{0} ; we have 



L p ,e(x, k + l)= lim V X u y , 

n^-oo * — ' n 

0<n<mp N 

(2) 

where E 0jX defined in $2.6\) . 
Proof. (1) By Theorem 3.9 (1) in [9], for p \ a, we have 

C p ,e (k + !,-)= u k v (—) I 1 -fc d/x-iO") 



V N -l 

\mJ N^-oo (o_ 



(5.1) 



(—) m k lim 



n" - 1 

(-iy 



v« - m J) 



So that, by Definition I4.2I (2) and Proposition I4.4I (1). we have 



m— 1 



Lfc*(x, fc + 1) = (m)- fe ]T x ,m(a)x(a)C P , B (k + 1, ^) (-l) a 
(5.2) a=0 

= (m)- fc ]r (p) xwc^ (* + 1, -) (-ir. 



0<a<m 

Thus if we set 

JV 



n = mj + a, where < j < p — 1, < a < m — 1, p f a. 
Then 

< n < mp N — 1, and p\m. 
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Substitute (15.11) to (15. 2p . since / is an odd integer and m is the least common 
multiple of / and p, we have 

p n -i 

L P MX, k + 1) = Y." 1 X («W<«)<-1)- Jta J2 

0<a<m j=0 v J ' 

„N_1 

= > l Jm > 7^ TTT 

AV ' " v > n^oo ( a + m]) k 

0<a<m j=0 v J/ 

= > (a) hm > j — — 

0<a<m j=0 v J ' 

= hm > ^ n )^-. 

0<n<mp'*-l 

(2) By Definition of L p E (x, s), Theorem 3.8 and Corollary 4.4 in [9], we 
have 

L P , E (X, k+l)=Y, x(a)( P ,E 1, t (-l) a 

a=0 ^ ' 

/-I 



£xH(-ir 



a=0 



□ 

Corollary 5.2. Let G Z\{0}. If x is a primitive character modulo a 
power of p, then we have 

f xoj k (x) 

In particular, 

L p ,E(uj~ k , k + 1) = / -^rdfl^x). 
Proof. If / is a power of p, that is / = p v , then we have 

L P , S (X, s) = ]T x(a)C P ,£ U|j (-l) a 

a=0 \ V J 

= CpAx, s, o) 



p 
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by Corollary 4.3 and Remark 4.11 in [9]. Thus 

L p ,e(x,s) = £ P , E (x,k + l) 

x(x)(x) d/i-i(x) 
z? x 

□ 

Proposition 5.3. Let x be a primitive character modulo f and $ be the 
Euler-phi function. Then for all k G Z ; we have 

L p ,e(x, k + l) — lim E^ r)_ k xujk . 

r— >oo 

In particular, 

lim E$(pr)- k = L„ E (u~ k , k + 1), 

1 — >oo 

where E m are the Euler numbers. 

Proof. Denote Xk = X u ~ k - Since L p E (x, s) is a continuous function of s, for 
all k G Z, we have 

fc + 1) = lim L PtE (x, k + l- $(p r )) 

r— >oo 

= lim L P)B (x, 1 - ($(p r ) - A;) 

r— >oo 

= lim(l -p^ ip,) ~ k XHp r )-k(p)) E Hp r )-k,x^ k - lHpr) 

r— too K ' 

using Proposition 14.51 Since 

w «&r) = ^(p-D = ! and x$(pr) _ fe = = xu \ 

thus 

L p ,e(x, k + l) = Jim -E$(pr)_ fciXW fc. 



1 — >oo 



This completes the proof of the Theorem. □ 
Definition 5.4. For G Z, we define the p-adic x-Euler numbers by 



Ek, P , x — nm E0(p r )+k, x — Lp^ix^-, 1 — k). 

1 — >oo 

Proposition 5.5. Assume that the conductor of x is a power of p. Then 
for k G Z ; we have 



E kyPyX = lim S^ P) x (n)n k {-l) n = / X (x)x k dfi. 



(x). 



0<n< P 
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Proof. We have 

E k , P , x = L PtE (xuj k , 1-k) 

x(x)x k d[i-i(x) 

= lim J2 (P) x(n)n\-ir. 

0<n<p r 

using Corollary 15.21 Thus 

E k ^ x = lim V (p) x (n)n fe (-l) n = / X (x)x k d^ 1 (x). 

0<n<p r J 

□ 

Proposition 5.6. 

(1) Ifx(~ 1) = ( — l) fe ; ^ en we have 

Ek, P , x = 0- 

(2) If k > 1, then we have 

E k ,p, x = (1 - P k x(p))E k , x - 

(3) Let m be the least common multiple of f and p, and set 

*.<*> = E W *£W- 

0<a<m 

If k > I and x(~ 1) = (~ we /iave 

where Ei is the Euler numbers. 

(4) For all k, we have v p (Ek )P)X ) > 0. 

Proof. (1) If = 1 and fc = (mod 2), then $(p r ) + fc = (mod 2), 

we have E^ p r) +kjX = by Proposition l2.lt thus 

Ek,p,\ = li m -EWp r )+fc,Y — 0. 

r— >oo 

If x{— 1) = — 1 and = 1( modulo 2), then $(p' r ) + = 1 (mod 2), we have 
E<s>(pr) + k, x — by Proposition 12. 1[ thus 

Ek,p, x = li m -E , <i>(p r )+A:,x = 0- 



(2) By Proposition 14.51 (2) and Definition 15.41 we have 

E k , P ,x = L P Axu k , 1 - k) = (1 - p k X {p))E k ,x- 
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(3) By Proposition 14.44 we have 

0<a<m i=0 ^ ' 

= £%M(-i)>>->£(-*)^ 

0<a<M i=0 ^ ' 



a 

i=0 ^ / 0<a<m 

= E("i i )™^E 6, V-(.)(-i)-^ 

i=0 ^ ' 0<a<m 

=E(t)^E w xW(-D°ii- 

i=0 ^ ' 0<a<m 

By Definition 15.41 (1), we have 

E-k,p, x = L pAxu~ k , k + 1) 

= Y j (~^\m l E l H k+l {x) 

=it(- i y( k+ k -~i l )™ iE i H ^)- 

(4) We have 

/ N 
\ a=l 



0<j<k 

> o 

proving (4). □ 
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